We propose a multivariate realised kernel to estimate the ex-post covariation of log-prices. We show this new consistent estimator is guaranteed to be positive semi-definite and is robust to measurement noise of certain types and can also handle non-synchronous trading. It is the first estimator which has these three properties which are all essential for empirical work in this area. We derive the large sample asymptotics of this estimator and assess its accuracy using a Monte Carlo study. We implement the estimator on some US equity data, comparing our results to previous work which has used returns measured over 5 or 10 minutes intervals. We show the new estimator is substantially more precise.
Introduction
The last seven years has seen dramatic improvements in the way econometricians think about time-varying financial volatility, first brought about by harnessing high frequency data and then by mitigating the influence of market microstructure effects. Extending this work to the multivariate case is challenging as this needs to additionally remove the effects of non-synchronous trading while simultaneously requiring that the covariance matrix estimator be guaranteed to be positive semi-definite. In this paper we provide the first estimator which achieves all these objectives. This will be called the multivariate realised kernel, which we will define in equation (1).
We study a d-dimensional log price process X = X
(1) , X (2) , ..., X (d) ′ . These prices are observed irregularly and non-synchronous over the interval [0, T ] . For simplicity of exposition we take T = 1 throughout the paper. These observations could be trades or quote updates. The observation times for the i-th asset will be written as t X is assumed to be driven by Y , the efficient price, abstracting from market microstructure effects.
The efficient price is modelled as a Brownian semimartingale (Y ∈ BSM) defined on some filtered probability space ( , F, (F t ) , P),
where a is a vector of elements which are predictable locally bounded drifts, σ is a càdlàg volatility matrix process and W is a vector of independent Brownian motions. For reviews of the econometrics of this type of process see, for example, Ghysels, Harvey & Renault (1996) . If Y ∈ BSM then its ex-post covariation, which we will focus on for reasons explained in a moment, is 
(e.g. Protter (2004, p. 66-77) and Jacod & Shiryaev (2003, p. 51) ) for any sequence of deterministic synchronized partitions 0 = t 0 < t 1 < ... < t n = 1 with sup j {t j +1 − t j } → 0 for n → ∞. This is the quadratic variation of Y .
The contribution of this paper is to construct a consistent, positive semi-definite estimator of [Y ] (1) from our database of asset prices. The challenges of doing this are three fold: (i) there are market microstructure effects U = X − Y , (ii) the data is irregularly spaced and non-synchronous, (iii) the market microstructure effects are not statistically independent of the Y process.
Quadratic variation is crucial to the economics of financial risk. This is reviewed by, for example, Andersen, Bollerslev & Diebold (2008) and Barndorff-Nielsen & Shephard (2007) , who provide very extensive references. The economic importance of this line of research has recently been reinforced by the insight of Bollerslev, Tauchen & Zhou (2008) who have showed that expected stock returns seem well explained by the variance risk premium (the difference between the implied and realised variance) and this risk premium is only detectable using the power of high frequency data. See also the paper by Drechsler & Yaron (2008) .
Our analysis builds upon earlier work on the effect of noise on univariate estimators of [Y ] (1) by, amongst others, Zhou (1996) , Andersen, Bollerslev, Diebold & Labys (2000) , Bandi & Russell (2005) , Zhang, Mykland & Aït-Sahalia (2005) , Andersen, Bollerslev & Meddahi (2006) , Hansen & Lunde (2006) , Kalnina & Linton (2008) , Zhang (2006) , Renault & Werker (2008) , Barndorff-Nielsen, Hansen, Lunde & Shephard (2008a) and Jacod, Li, Mykland, Podolskij & Vetter (2007) . The case of no noise is dealt with in the same spirit as the papers by Andersen, Bollerslev, Diebold & Labys (2001) and Barndorff-Nielsen & Shephard (2002) , Barndorff-Nielsen & Shephard (2004) , Mykland & Zhang (2006) , Mykland & Zhang (2008) and Jacod & Protter (1998) .
A distinctive feature of multivariate financial data is the phenomenon of non-synchronous trading or nontrading. These two terms are distinct. The first refers to the fact that any two assets rarely trade at the same instant. The latter to situations where one assets is trading frequently over a period while some other assets do not trade. The treatment of non-synchronous trading effects dates back to Fisher (1966) .
For several years researchers focused mainly on the effects that stale quotes have on daily closing prices. Campbell, Lo & MacKinlay (1997, chapter 3) provides a survey of this literature. When increasing the sampling frequency beyond the inter-hour level several authors have demonstrated a severe bias towards zero in covariation statistics. This phenomenon is often referred to as the Epps effect. Epps (1979) found this bias for stock returns, and it has also been demonstrated to hold for foreign exchange returns, see Guillaume, Dacorogna, Dave, Müller, Olsen & Pictet (1997) . This is confirmed in our empirical work where realised covariances computed using high frequency data, over specified fixed time periods such as 15 seconds, dramatically underestimate the degree of dependence between assets. Some recent econometric work on this topic includes Malliavin & Mancino (2002) , Reno (2003) , Martens (2003) , Hayashi & Yoshida (2005) , Voev & Lunde (2007) , Griffin & Oomen (2006) , Large (2007) and Zhang (2005) . We will draw ideas from this work.
The form of multivariate realised kernel we propose is, in the univariate special case, subtly different from that studied in the univariate paper by Barndorff-Nielsen et al. (2008a) . Their flat-top kernel, which has the advantage of being unbiased and fully efficient, is not guaranteed to be non-negative. It also could not directly deal with non-synchronous data. This is essential in the multivariate case, which motivates the specific form of the multivariate realised kernel proposed here. We discuss in some detail the specifics of the differences between these estimates in Section 6.1. The change to our preferred estimator means the rate of convergence, bandwidth choice and asymptotic distribution of our new estimator differs from the flat-top version. In particular, our theory can be used to tune the bandwidth selection for estimating particular correlations, betas, inverse covariance matrices or just covariances.
The structure of the paper is as follows. In Section 2 we synchronize the timing of the multivariate data using what we call Refresh Time. This allows us to refine high frequency returns and in turn the multivariate realised kernel. Further we make precise the assumptions we make use of in our Theorems to study the behaviour of our statistics. In Section 3 we give a detailed discussion of the asymptotic distribution of realised kernels in the univariate case. The analysis is then extended to the multivariate case. Section 4 contains a summary of a simulation experiment designed to investigate the finite sample properties of our estimator. Section 5 contains some results from implementing our estimators on some US stock price data taken from the TAQ database. This is followed by a Section on extensions and further remarks, while the main part of the paper is finished by a Conclusion. This is followed by an Appendix which contains the proofs of various theorems given in the paper, and an Appendix with results related to Refresh Time sampling. More details of our empirical results and simulation experiments are given in a web Appendix which can be found at http://www.hha.dk/˜alunde/BNHLS/BNHLS.htm.
2 Defining the multivariate realised kernel 2.1 Synchronizing data
Refresh time
Non-synchronous trading delivers fresh (trade or quote) prices at irregularly spaced times which differ across stocks. Dealing with non-synchronous trading has been an active area of research in financial econometrics in recent years, e.g. Hayashi & Yoshida (2005) , Voev & Lunde (2007) and Large (2007) .
Stale prices are a key feature of estimating covariances in financial econometrics as recognised at least since Epps (1979) , for they introduce cross-autocorrelation amongst asset price returns.
Write the number of observations in the i-th asset made up to time t as the counting process N (i) (t), and the times at which trades are made as t
2 , .... We now define a time scale which will be key to the construction of multivariate realised kernels.
Definition 1 Refresh Time
1 for t ∈ [0, 1]. We define the first refresh time as τ 1 = max t
, and then subsequent refresh times as
The resulting Refresh Time sample size is N , while we write n
The τ 1 is the time it has taken for all the assets to trade, i.e. all their posted price have been updated. τ 2 is the first time when all the prices are again refreshed. This process is displayed in Figure 1 for d = 3.
Our analysis will now be based on this time clock {τ j }. Our approach will be to:
• Assume the entire vector of up to date prices are seen at these refreshed times X (τ j ), which is not correct -for we only see a single new price and d − 1 stale prices 2 .
• Show these stale pricing errors have no impact on the asymptotic distribution of the realised kernels.
Asset 1
Asset 2
Asset 3 Time (1) = 8, n (2) = 9 and n (3) = 10.
This approach to dealing with non-synchronous data converts the problem into one where the Refreshed Times' sample size N is determined by the degree of non-synchronicity and n (1) , n (2) , . . . , n (d) .
3
The degree to which we keep data is measured by the size of the retained data over the original size of the
For the data in Figure 1 , p = 21/27 ≃ 0.78.
Jittering end conditions
Realised kernels are built out of n high frequency returns computed from synchronized vector prices recorded at N times. It turns out that our asymptotic theory dictates we need to average m prices at the 2 Their degree of staleness will be limited by their Refresh Time construction to a single lag in Refresh Time. The extension to a finite number of lags is given in Section 6.6.
3 Suppose trade times arrive as independent standard Poisson process with common intensity λ, so that E{N (i) (t)} = λt.
Then t (i)
1 ∼ exp(λ) and as τ 1 = max{t
(1)
1 , ..., t
1 }, so, e.g. Embrechts, Kluppelberg & Mikosch (1997, pp. 125 & 176) 
Hence the sample size from the refreshed analysis will fall with log d, the dimension of the asset prices. The situation where the intensity varies across assets, i.e. E{N (i) (t)} = λ i t, will not substantially change this result.
The loss of observations is relatively cheap here, because the rate of convergence for our realised kernel will be n 1/5 . In a standard situation where an estimator converges at rate n 1/2 , one can expect confidence intervals to widen by about 100% when the sample size is reduced by a factor of 4. When the rate of convergence is n 1/5 , confidence intervals only widen by about 32%.
very beginning and end of the day to define these returns 4 . The theory behind this will be explained in Section 6.5, but for now we just define what we mean by jittering. Let n, m ∈ N, with n − 1 + 2m = N , then set the vector observations X 0 , X 1 , ..., X n as X j = X (τ j +m ), j = 1, 2, ..., n − 1,and
So X 0 and X n are constructed by jittering initial and final time points. By allowing m to be moderately large but very small in comparison with n, it means these observations record the efficient price without much error, as the error is averaged away. Experimentation suggests m should be around 2 for the kind of data we see in this paper: see Section 6.5 for a discussion of this issue.
These prices allow us to define the high frequency vector returns as x j = X j − X j −1 , j = 1, 2, ..., n.
Realised kernel
Having synchronized the high frequency vector returns x j we can define our class of positive semidefinite multivariate realised kernels (RK). It takes on the following form
Here the non-stochastic k(x) for x ∈ R is a weight function. The h-th realised autocovariance is
We focus on the class of kernel functions, K, that is characterized by:
(ii) k is twice differentiable with continuous derivatives;
• < ∞, where k 0,0
The assumption k(0) = 1 means Ŵ 0 gets unit weight, while k ′ (0) = 0 means the kernel gives close to unit weight to Ŵ h for small values of |h|. Condition (iv) guarantees K (X ) to be positive semi-definite, (e.g. Bochner's theorem and Andrews (1991) ).
The multivariate realised kernel has the same form as a standard heteroskedasticity and autocorrelated (HAC) covariance matrix estimator familiar in econometrics (e.g. Gallant (1987) , Newey & West (1987), and Andrews (1991) ). But there are a number of important differences. For example, the sums that define the realised autocovariances are not divided by the sample size, while k ′ (0) = 0 is critical in our framework. Unlike the situation in the standard HAC literature, an estimator based on the Bartlett kernel will not be consistent for the ex-post variation of prices, measured by quadratic variation, in the present setting. Later we will recommend using the Parzen kernel (its form is given in Table 1 ) instead.
Assumptions about the noise and refresh time
Having defined the positive semi-definite realised kernel, we will now write out our assumptions about the market microstructure effects U and the τ j which govern the properties of the vector returns x j and so K (X ).
The assumptions about the noise are stated in observations time -that is we only model the noise at exactly the times where there are trades or quote updates. This type of assumption is familiar from the work of, for example, Zhou (1998), Bandi & Russell (2005) , Zhang et al. (2005) , Barndorff-Nielsen et al.
(2008a) and Hansen & Lunde (2006) . We define
which is noise associated with X (τ j ), the observation at time τ j .
Assumption 1 Suppose that, conditional on
A key quantity in our analysis is the, so-called, long-run variance:
On occasions we refer to a white noise assumption about the U process (U ∈ WN ) which means we assume it has E U j = 0, Var U j = and U i ⊥ ⊥ U j , for all i = j . This white noise assumption is unsatisfactory from a number of viewpoints (e.g. Phillips & Yu (2008) and Kalnina & Linton (2008) ) and will not be used to derive our limit theorems.
Throughout the paper we follow Barndorff-Nielsen et al. (2008a) 
, where τ j = T ( j/N). So irregularly spaced data on Y can be thought of as equally spaced on Z.
An implication of this is that sup j {τ j +1 − τ j } = O p (n −1 ) for n → ∞, which means that sup i, j {t
is strictly positive, càdlàg univariate process.
Then we assume Refresh Times occur at τ j = T ( j/n). We also assume that τ is adapted to F. When both conditions hold we write τ ∈ T .
3 Asymptotic results
Consistency
We first give a consistency result for the multivariate realised kernel K (X ), which can be written
Note in particular that, whatever the relationship between Y and U , if K (U )
. Hansen & Lunde (2006) have shown that endogenous noise is empirically important, particularly for mid-quote data. The above theorem is comparatively clean, it means endogeneity does not matter for consistency. What matters is that the realised kernel applied to the noise process would converge to zero as n → ∞. 
Central limit theory

Univariate asymptotic analysis of realised kernels
Before introducing the results on the multivariate case, it is helpful to consider the univariate case
In order to present the results for the univariate case, we write ω 2 in place of , so
where IQ = 1 0 λ 4 (u)du is the integrated quarticity, and λ(t) = τ (t) {σ • T (t)} .
6 Of course, if U had a component V, which evolved in calendar time, e.g. V is an Ornstein-Uhlenbeck process, then U / ∈ CS and K (U ) would not vanish in probability.
The notation
Ls → MN means stable convergence to a mixed Gaussian distribution. The notion of stable convergence is important for the construction of confidence intervals and the use of the delta method.
The reason is that IQ is random, and stable convergence guarantees joint convergence that is needed here.
Stable convergence is discussed, for example, in Mykland & Zhang (2006) and Mykland & Zhang (2008) , who also provides extensive references. The presence of λ in the limit theory is due to the irregularly spaced nature of the data, if it was equally spaced then τ (t) = 1 and T (t) = t, so IQ = 1 0 σ 4 (u)du as usual.
Remark. The asymptotic distribution in Proposition 1 has a non-zero asymptotic mean which implies that the upward asymptotic bias of the realised kernel is roughly n −1/5 c
Having an asymptotic bias term in the asymptotic distribution is familiar from kernel density estimation with the optimal bandwidth. Here the situation is slightly easier for in principle the bias term can be estimated from the data.
We now explain why Proposition 1 is the most interesting to us. The rest of this subsection can be skipped on first reading if the reader is not interested in these background results.
To start this consider first some moments of various quantities. 
Proposition 2 Let k
Remark. The second term in E {K (U )} highlights the need for the averaging at the end-points. The O(m −1 ) term roughly equals 2m −1 ω 2 , so we need m → ∞ for the bias to vanish. Empirically ω 2 is tiny so 2m −1 ω 2 will be small even with m = 1, but theoretically this is an important observation.
Remark. The result shows that estimators in this class of realised kernels are generally biased due to the kernels not being entirely flat-top, but the bias is modest so long as H increases at a faster rate than √ n. For a weight function with k ′′ (0) = 0 we could take H ∝ n 1/2 which would result in a faster rate of convergence. However, no weight function with k ′′ (0) = 0 can guarantee a positive semi-definite estimate, see Andrews (1991, p. 832, comment 5) .
, then the mean square error optimal rate for H is H ∝ n 3/5 , equalising the rate of the squared bias and the variance. All but the first term in (2) vanish as n → ∞ when H ∝ n 3/5 .
Note that the asymptotic bias is tied to k ′′ (0) whereas the asymptotic variance is tied to k 0,0
• . Remark. This result looks rather weak compared to the corresponding result for the flat-top kernel K F (X ) introduced by Barndorff-Nielsen et al. (2008a) with k ′ (0) = 0. They had the nicer result that
when H = cn 1/2 , under the assumption that U ∈ WN . Hence the use of non-flat top kernels comes at an asymptotic cost, but ensures positive semi-definiteness. Section 6.1.2 also shows that K (X ) is more robust to endogeneity and serial dependence in U than K F (X ).
Choosing the bandwidth H and weight function
Next we turn to the optimal (mean square error) choice for the bandwidth parameter H .
The relative efficiency of different realised kernels in this class are determined solely by the constant
• ) 2 1/5 and so can be universally determined for all Brownian semimartingales and noise processes. This constant is computed for a variety of kernel weight functions in Table 1 . This shows that the Quadratic Spectral (QS), Parzen and Fejér weight functions are attractive in this context. The optimal weight function minimizes, k
, which is also the situation for HAC estimators, see Andrews (1991) . Thus, using Andrews' analysis of HAC estimators, it follows from our results that the QS kernel is the optimal weight function within the class of weight functions that are guaranteed to produce a non-negative realised kernel estimate. A drawback of the QS and Fejér weight functions is that they, in principle, require n (all) realised autocovariances to be computed, whereas the number of realised autocovariances needed for the Parzen kernel is only H -hence we advocate the use of Parzen weight functions. We will discuss estimating ξ 2 in Section 3.3.1.
x ≥ 0 1 5/4 1.09 Table 1 : Properties of some realised kernels. k
• ) 2 1/5 measures the relative asymptotic efficiency of k ∈ K.
Some multivariate notation
To start we define some terms. Let
which is the d 2 × d 2 random matrix analog of integrated quarticity.
Our result will use the matrix normal distribution. ) and v cd = vec(
).
Multivariate central limit theorem
This is the multivariate extension of Proposition 1, yielding a limit theorem for the consistent multivariate estimator in the presence of noise. The bias is determined by the long-run variance , the variance solely by integrated quarticity.
Corollary 1 An implication of Theorem 2 is that for a, b
So once a consistent estimator for is obtained, Corollary 1 makes it straightforward to compute a confidence interval for any element of the integrated variance matrix.
Example 1 In the bivariate case we can write the results as
where
which has features in common with the noiseless case discussed in Barndorff-Nielsen & Shephard (2004, eq. 18) . By the delta method we can deduce the asymptotic distribution of the kernel based regression and correlation. For example
To produce the result (3) 
and the result follows by using various combinations of (i, h, k, j ).
Some practical issues
Choice of H in practice
A main feature of multivariate kernels is that there is a single bandwidth parameter H which controls the number of leads and lags used for all the series. It must grow with n at rate n 3/5 , the key question here is how to estimate a good constant of proportionality -which controls the efficiency of the procedure.
If we applied the univariate optimal mean square error bandwidth selection to each asset price individually we would get d bandwidths
where ii (u) is the spot variance for the i-th asset. In practice we usually approximate
ii (u)du, which can be estimated relatively easily by using a low frequency estimate of 1 0 ii (u)du and one of many sensible estimators of ii which use high frequency data. Then we could construct some ad hoc rules for choosing the global H , such as
or many others. In our empirical work we have usedH , while our web Appendix provides an analysis of the impact of this choice.
An interesting alternative is to optimise the problem for a portfolio, e.g. letting ι be a d-dimensional
, which is like a "market portfolio" if X contains many assets. This is easy to carry out, for having converted everything into Refresh Time one computes the market (ι ′ X/ι ′ ι) return and then carry out a univariate analysis on it, choosing an optimal H for the market. This single H is then applied to the multivariate problem.
From the results in Example 1 it is straightforward to derive the optimal choice for H, when the objective is to estimate a covariance, a correlation, the inverse covariance matrix (which is important for portfolio choice) or β i j . For example, for β 12 the trade-off is between c 
Realised kernel based beta and correlation
A key reason for needing our realised kernel to be positive semi-definite is that elements of it can be combined to consistently estimate the quadratic variation version of the beta and correlation between assets i and j
where we have written The realised kernel estimators of these quantities are straightforward and the asymptotic distribution simply follows by the application of the delta method. In particular
where we have written the elements of the realised kernel matrix
Simulation Study
So far the analysis has been asymptotic, based on n → ∞. Here we reinforce this by carrying out a simulation analysis to assess the accuracy of the asymptotic predictions in finite samples. We simulate over the interval t ∈ [0, 1].
The following multivariate factor stochastic volatility model is used
where the elements of B are independent standard Brownian motions and W ⊥ ⊥ B. Here F (i) is the common factor, whose strength is determined by 1 − ρ (i) 2 .
This model means that each Y (i) is a diffusive SV model with constant drift µ (i) and random spot volatility σ (i) . In turn the spot volatility obeys the independent processes σ (i) = exp β
Thus there is perfect statistical leverage (correlation between their innovations) between V (i) and σ (i) , while the leverage between Y (i) and
The price process is simulated via an Euler scheme 8 , and the fact that the OU-process have an exact discretization (see e.g. Glasserman (2004, pp. 110) ). Our simulations are based on the following configuration (the same for both processes) (µ (i) , β
is utilised in our simulations to restart the process each day at
For our design we have that the variance of σ 2 is exp(−2(β
. This is comparable to the empirical results found in e.g. Hansen & Lunde (2005) which motivate our choice for α (i) .
We add noise simulated as
where the noise-to-signal ratio, ξ 2 takes the values 0, 0.001 and 0.01. This means that the variance of the noise increases with the volatility of the efficient price (e.g. Bandi & Russell (2006) ). The observed process is then given by
To model the non-synchronously spaced data we use two independent Poisson process sampling schemes to generate the times of the actual observations t
to which we apply our realised kernel.
We control the two Poisson processes by λ = (λ 1 , λ 2 ), such that for example λ = (5, 10) means that on average X (1) and X (2) is observed every 5 and 10 second, respectively. This means that the simulated number of observations will differ between repetitions, but on average the processes will have 23400/λ 1 and 23400/λ 2 observations, respectively.
We vary λ though the following configurations (3, 6), (5, 10), (10, 20), (15, 30), (30, 60), (60, 120) motivated by the kind of data we see in databases of equity prices.
For each simulated day we compute the observed the price process, X ( j/N ). In order to calculate K (X ) we need to select H . To do this we evaluateω
1/900 ](1), the realised variance estimator based on 15 minute returns. These give us the following feasible valueŝ
. The results for H mean are presented in Table 2 .
Panel A of the table reports the univariate results of estimating integrated variance. We give the bias and root mean square error (MSE) for the realised kernel and compare it to the standard realised variance.
In the no noise case of ξ 2 = 0 the RV statistic is quite a bit more precise, especially when n is large.
The positive bias of the realised kernel can be seen when ξ 2 is quite large, but it is small compared to the estimators variance. In that situation the realised kernel is far more precise than the realised variance.
None of these results are surprising or novel.
In Panel B we break new ground as it focuses on estimating the integrated covariance. We compare the realised kernel estimator with a realised covariance. The high frequency realised covariance is a very precise estimator of the wrong quantity as its bias is very close to its very large mean square error. In this case its bias does not really change very much as n increases. The realised kernel delivers a very precise estimator of the integrated covariance. It is downward biased due to the non-synchronous data, but the bias is very modest when n is large and its sampling vari- 
Procedure for cleaning the high-frequency data
Careful data cleaning is one of the most important aspects of volatility estimation from high-frequency data. Numerous problems and solutions are discussed in Falkenberry (2001) , Hansen & Lunde (2006) , Brownless & Gallo (2006) and Barndorff-Nielsen, Hansen, Lunde & Shephard (2008b) . In this paper we follow the step-by-step cleaning procedure used in Barndorff-Nielsen et al. (2008b) who discuss in detail the various choices available and their impact on univariate realised kernels. For convenience we briefly review these steps. Quote data only: Q1) When multiple quotes have the same timestamp, we replace all these with a single entry with the median bid and median ask price. Q2) Delete rows for which the spread is negative. Q3)
Delete rows for which the spread is more that 10 times the median spread on that day. Q4) Delete rows for which the mid-quote deviated by more than 5 mean absolute deviations from a centered mean (excluding the observation under consideration) of 50 observations. We note steps P2, T1, T2, T4, Q2, Q3 and Q4
collectively reduce the sample size by less than 1%.
Sampling schemes
We applied three different sampling schemes depending on the particular estimator. The simplest one is the HY estimator that uses all the available observations for a particular asset combination. Following the realised covariation estimator is based on calender time sampling. Specifically, we consider 15 second, 5 minute, and 30 minute intraday return, aligned using the previous tick approach.
This results in 1560, 78 and 13 daily observations, respectively.
For the realised kernel the Refresh Time sampling scheme discussed in section 2.1.1 is used. Our analysis first considers estimates for each of the 45 unique pairs of assets -delivering 45 distinct 2 × 2 covariance matrix estimates each day. The amount of data we discard by constructing Refresh Time is recorded in Table 3 . It records the average of the daily p statistics defined in Section 2.1.1 for each pair. It emerges that we rarely lose more that half the observations for most frequently traded assets. For the least active assets we typically lose between 30% to 40% of the observations. We will also apply the realised kernel to the full 10 × 1 vector of returns. Here the data loss is more pronounced. Still, even in the worst case more that 20 percent of the observations remain in the sample. For transaction data the average number of Refresh Time observations in 1, 222, whereas the corresponding number is 3, 942 for the quote data. So in most cases we have an observation on average more often than every 8 seconds for quote data and 20 seconds for trade data. 
Analysis of the covariance estimators:
In what follows the pair i, j will only be referred to implicitly. All kernels are computed with Parzen weights.
We compute the realised kernel for (all possible) pairs of assets and for the full 10-dimensional vector of assets, and the resulting estimates of [
and Cov
The two estimators differ in a number of ways, such as the bandwidth selection and the sampling times (due to the construction of Refresh Time).
To provide useful benchmarks for these estimators we also compute: Cov The empirical analysis of our estimators of the covariance is started by recalling the main statistical impact of market microstructure and the Epps effect. . Quite a few of these types of tables will be presented and they all have the same structure. The numbers above the leading diagonal are results from trade data, the numbers below are from mid-quotes. Both Cov is even more distorted. In both cases nearly every covariance estimator for every pair of assets for both trades and quotes seem statistically significantly biased. 
, respectively. In all panels the upper diagonal is based on transaction prices, whereas the lower diagonal is based on mid-quotes. The diagonal elements are the average of IV estimates based on transactions.
Outside the diagonals numbers are boldfaced if the bias is significant at the 1 percent level. In our web appendix we give time series plots and autocorrelogram for the various estimates of realised covariance for the AA-SPY assets combination using trade data. They show Cov K 2×2 s performing much better than the 30 minute realised covariance but there not being a great deal of difference between the statistics when the realised covariance is based on 5 minute returns. The web appendix also presents scatter plots of estimates based on transaction prices (vertical axis) against the same estimate based on mid-quotes (horizontal axis) for the same days. These show a remarkable agreement between estimates based on Cov 
Results for
K 2×2 s ,
Analysis of the correlation estimates
In this subsection we will focus on estimating ρ are measured with noise and so when we formρ (i, j )K s it will be downward bias. 
Analysis of the beta estimates
Here we will focus on estimating β 
This shows that either estimator dominates the other in terms of encompassing, although the realised kernel has a slightly stronger t-statistic.
A scalar BEKK
Econometric framework
An important use of realised quantities is to forecast future volatilities and correlations of daily returns.
The use of reduced form has been pioneered by Andersen et al. (2001) and . One useful way of thinking about the forecasting problem is to fit a GARCH type problem with lagged realised quantities as explanatory variables, e.g. Engle & Gallo (2006 s r s is used to make inference. The model we fit is a variant on the scalar BEKK (e.g. Engle & Kroner (1995) )
The question will be if γ is estimated to be statistically different from zero, for if it is not then the high frequency data enhances the forecast of future covariation.
Empirical results
Our results will be based on a relatively short time series of 2.5 years of daily measures, which is a challenging environment for GARCH type models.
The results in Table 7 suggest that lagged daily returns are no longer significant for this multivariate GARCH models once we have the realised kernel covariance. This is even though the realised kernel covariance misses out the overnight effect -the information in the close-to-open returns. An interesting feature of the series is that in most cases including K
s−1 reduces the size of the estimated H s−1 term.
6 Additional remarks 6.1 Relating K (X ) to the flat-top realised kernel K F (X )
Positivity
In the univariate case the realised kernel
x j x j −h is at first sight very similar to the unbiased flat-top realised kernel of Barndorff-Nielsen et al.
Here the Ŵ h and Ŵ F h are not divided by the sample size. This means that the end conditions, the observations at the start and end of the sample, can have influential effects on Ŵ h . With Ŵ F h we removed this effect by starting the sum not at h + 1 but at 1. However, an implication of this is that the resulting estimator is not guaranteed to be positive semi-definite whatever the choice of the weight function.
The alternative K F (X ) has the advantage that it converges at a n 1/4 rate and is close to the parametric efficiency bound. It has the disadvantage that it can go negative, while we see in the next subsection that it is more sensitive to serial dependence in the noise and endogenous noise than K (X ). There are three reasons that K F (X ) can go negative. The most obvious is the use of a kernel function that does not satisfy, intraday returns, such as x 1−H . This formulation was chosen because it makes E{K (U )} = 0 when U ∈ WN . However, since x −H only appears once in this estimator, with the term x 1 x 1−H , it is evident that a sufficiently large value of x 1−H (positive or negative, depending on the sign of x 1 ) will cause the estimator to be negative. We have overcome the last obstacle by jittering the end-points, which makes the use of "out-of-period" redundant. They can be dropped at the expense of a O(m −1 ) bias.
Efficiency
An important question is how inefficient is K (X ) in practice compared to the flat-top realised kernel,
The answer is quite a bit when U ∈ WN . Table 8 gives
2 /ω, the mean square normalised by the rate of convergence of K F P (X ) (which is the flat-top realised kernel using the Parzen weight function. An implication is that the scaled MSE for the K (X ) and K F B will increase without bound as n → ∞ because these estimators converge at a rate that is slower than n 1/4 ). The results are given in the case of Brownian motion observed with different types of noise. Results for two flat-tops are given, the Bartlett (K has advantages over K (X ), but we are attracted to the positivity and robustness of K (X ).
The robustness advantage of K (X ) can be seen from for the four simulation designs where U j is modelled as a dependent process. We consider the moving average specification, U j = ǫ j − θǫ j −1 , with θ = ±0.5 and the autoregressive specification, U j = ϕU j −1 + ǫ j , with ϕ = ±0.5, where ǫ j is Gaussian white noise. The bandwidth for all estimators were to be "optimal" under U ∈ WN , which is the default in the literature, so H F B = 2.28ω 4/3 n 2/3 , H F P = 4.77ωn 1/2 , and H P = 3.51ω 4/5 n 3/5 where
The results show the robustness of K (X ) and the strong asymptotic bias of K Negative first-order autocorrelation can be the product of bid-ask bounce effects, this is particularly the case if sampling only occurs when the price changes. Positive first-order autocorrelation would, for example, be relevant for the noise in bid prices because variation in the bid-ask spread would induce such dependence. 
Preaveraging without bias correction 6.2.1 Estimating multivariate QV
In independent and concurrent work Vetter (2008, p. 29 and Section 3.2.4) has studied a univariate suboptimal preaveraging estimator of [Y ] whose bias is sufficiently small that the estimator does not need to be explicitly bias corrected to be consistent (the bias corrected version can be negative). Its rate of convergence does not achieve the optimal n −1/4 rate. Hence his suboptimal preaveraging estimator has some similarities to our non-negative realised kernel. Implicit in his work is that his non-corrected preaveraging estimator is non-negative. However, this is not remarked upon explicitly nor developed into the multivariate case where non-synchronously spaced data is crucial.
Here we outline what a simple multivariate uncorrected preaveraging estimator based on refresh time would look like. We define it asV = Here g(u) , u ∈ [0, 1] is a non-negative, continuously differentiable weight function, with the properties that g(0) = g(1) = 0 and ψ 2 > 0. Now if we set H = θn 3/5 , then the univariate result in Vetter (2008) would suggest thatV converges at rate n −1/5 , like the univariate version of our multivariate realised kernel. There is no simple guidance, even in the univariate, as to how to choose θ.
In the univariate bias corrected form, Jacod et al. (2007) show thatV is asymptotically equivalent to with H = θn 1/2 , for which they derive limit theory. To define their high frequency returns they use the Refresh Time idea -taken from an early draft of this paper. Their estimator has the disadvantage that it it is not guaranteed to be positive semi-definite.
Estimating integrated quarticity
In order to construct feasible confidence intervals for our realised quantities (see Barndorff-Nielsen & Shephard (2002) ) we have to estimate . Our approach is based on the no-noise Barndorff-Nielsen & Shephard (2004) bipower type estimator applied to suboptimal preaveraged data taking H = θn 3/5 . This is not an optimal estimator, it will converge at rate n 1/5 , but it will be positive semidefinite. The proposed
That the elements ofQ is consistent using this choice of bandwidth is implicit in the thesis of Vetter (2008, p. 29 and Section 3.2.4).
The case with [0, T ]
Throughout the paper we have discussed estimating QV over a unit interval, now we extend this to the in-
Technically this is trivial, it is just a time-change argument. The results are that the QV target
Finite sample improvements
The realised kernel is non-negative so we can use log-transform to improve its finite sample performance.
In particular
When the data is regularly spaced and the volatility is constant then κσ
which is slightly less dependent on σ 2 than the non-transformed version.
Subtlety of end effects
We have introduced jittering to eliminate end-effects. The larger is m the smaller is the end-effects, however increasing m has the drawback that is reduces the sample size, n, that can be used to compute the realised autocovariances. Given N observations, the sample size available after jittering is n = N − 2(m − 1), so extensive jittering will increase the variance of the estimator. In this subsection we study this trade-off.
We focus on the univariate case where U ∈ WN . The mean square error caused by end-effects is simply the squared bias plus the variance of This function is plotted in Figure 4 for the case where N = 1, 000 and IQ = 1 and ω 2 = 0.0025 and 0.001. The optimal value of m ranges from 1 to 2. The effect of increasing n on optimal m can be seen from Figure 4 , where the optimal value of m has increased a little from Figure 4 as n has increased to 5, 000. However, the optimal amount of jittering is still rather modest.
Finite lag refresh time
In this paper we roughly synchronise our return data using the concept of Refresh Time. Refresh Time guarantees that our returns our not stale by more than one lag in Refresh Time. Our proofs need a somewhat less tight condition, that returns are not stale by more than a finite number of lags. This suggests it may be possible to find a different way of synchronising data which throws information away less readily than Refresh Time. We leave this problem to further research. 
Jumps
In this paper we have assumed that Y is a pure BSM. The analysis could be extended to the situation where Y is a pure BSM a finite activity jump process. The analysis in Barndorff-Nielsen et al. (2008a, section 5.6) suggests that the realised kernel is consistent for the quadratic variation, [Y ] , at the same rate of convergence as before, but with a different asymptotic distribution.
Conclusions
In this paper we have proposed the multivariate realised kernel, which is a non-normalised HAC type estimator applied to high frequency financial returns, as an estimator of the ex-post variation of asset prices in the presence of noise and non-synchronous trading. The choice of kernel weight function is important here -for example the Bartlett weight function yields inconsistent estimation in our case.
Our analysis is based on three innovations: (i) we used a weight function which delivers biased kernels, however allowing us to use positive semi-definite estimators, (ii) we coordinate the collection of data through the idea of refresh time, (iii) we show the estimator is robust to the remaining staleness in the data. Using this setup we are able to show consistency and asymptotic mixed Gaussianity of our estimator.
Our simulation study indicates our estimation procedure is close to being unbiased for covariances under realistic situations. Not surprisingly the estimators of correlations is downward biased due to the sampling variance of our estimators of variance. The empirical results based on our new estimator are striking, providing much sharper estimates of dependence amongst assets than has previously been available.
Multivariate realised kernels have potentially many areas of application, improving our ability to estimate covariances -allowing high frequency data to significantly improve our predictive models as well as better understand the pricing and management of risk in financial markets.
Proof of Proposition 3. The problem is simply to minimize the squared bias plus the contribution from the asymptotic variance with respect to c 0 . Set IQ = 
A.1 Proof of Theorem 2.
We decompose the realised kernel into four terms that we will analyze separately.
We start by deriving the asymptotic properties of K (Y ) − (u)du a follows directly by applying the univariate results in Barndorff-Nielsen et al. (2008a) . Stable convergence for multivariate statistics, such as the realised autocovariances, Ŵ h , are established in Kinnebrock & Podolskij (2008b) , see also Jacod (2007) . With H ∝ n γ , the consistency and stable convergence follow from Jacod (2008, theorems 2.1 and 2.2). What remains is to derive the asymptotic variance. 
Here we used ∞ −∞ k(s) 2 ds = 2k 0,0
• and
A.1.1 Results concerning K (U )
We derive the asymptotic properties of K (U ) under the assumption that U ∈ CS. The following definitions lead to a useful representation of K (U ). For h = 0, 1, . . . we define
Lemma A.2 The realised autocovariances of U can be written as
Proof. The first expression, (A.1), follows from
and (A.2) is proven similarly.
Lemma A.3
The realised kernel for U has the exact representation:
Proof. Follows from the definition of K (U ) and Lemma A.2. Now we prove the result concerning the end-effects. We note that U 0 and U n are absent from V l , for all l = 0, 1, . . . , so end-effects can only have an impact on K (U ) through Z h , h = 0, 1, . . . . 
